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In this paper we construct two skew Hadamard matrices of order 4 x 37 and one 
skew Hadamard matrix ol size 4 x 43. No skew Hadamard matrices of these orders 
were known before. We also construct another Hadamard matrix (not of skew 
type) of size 4 x 37. All four of these matrices are of GoethalssSeidel type. i;' 1992 
Academx Press. Inc. 
An m by m matrix H with entries +_ 1 and which satisfies HH’ = ml, is 
called a Hadamard matrix. (H’ is the transpose of H and I, is the identity 
matrix of size m.) If also H + H’= i2Z,, then we say that H is a skew 
Hadamard matrix or a Hadamard matrix of skew type. If m > 2 then the 
condition 4 1 m is necessary for the existence of a Hadamard matrix of size 
m. The orders m = 4n, with odd n < 100, for which skew Hadamard 
matrices have not been found so far are given by: 
n = 37, 39, 43, 47, 49, 59, 65, 67, 69, 81, 89, 93, 97. 
For more details on these orders we refer to the paper [ 13. However, the 
list given there is not quite complete. For instance, skew Hadamard 
matrices of order 4 x 29 (live of them) have been found by Szekeres [3]. 
In this paper we construct three Hadamard matrices of size 4 x 37 (two 
of them of skew type) and a skew Hadamard matrix of size 4 x 43. All of 
them are constructed by using Goethals-Seidel array as explained in [2, 
pp. 391-3921. We shall freely quote the necessary results from [2]. The 
searches for the required supplementary difference sets were carried out on 
an IBM PC, using the STSC APL * PLUS. 
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Let V be the cyclic group of order u = 37 with generator x. Let G be the 
multiplicative group of non-zero residues modulo 37 and let H= 
f 1, 10, - 111 be its subgroup of order 3. We enumerate the 12 cosets of H 
in G as follows: 
a,=H, a2 = 2H, a4 = 3H, a6 = 5H, a,=6H, a,,=9H, 
and 
a 2,+ 1 = -1 ‘a2,, OGid5. 
Set 
A,=a,ua,ua,ua,ua,ua,,, A, =aoual ua3uaguagua,o, 
A2= {O)ua,ua,ua,ua,ua,, A, = CO) ua, ua2ua3ua6, 
Bo=aoua3ua5ua,uagua10, B,=aouasua6ua,uag, 
B, = a, u a2 v  a6 u a, u ag, B3=a2ua6ua8’uagua,0, 
co= PI ua,ua2ua4uaguaI0, c, = lo) u a2 u a3 u a4 u a9 u aIo, 
C2 = a0 u a2 u a4 u al0 u a,, , C,=a7uaguagua,0ua,,. 
For each set S of residue classes modulo 37 let 3 be the corresponding 
subset of V, i.e., 
S= {x’: iE S]. 
Then it is easy to verify that: 
(i) A,, i=O, 1, 2, 3, are 4- (37; 18, 18, 16, 13; 28) supplementary 
difference sets of V; 
(ii) E,, i = 0, 1, 2, 3, are 4 - (37; 18, 15, 15, 15; 26) supplementary 
difference sets of V; 
(iii) ci, i= 0, 1, 2, 3, are 4 - (37; 16, 16, 15, 15; 25) supplementary 
difference sets of V. 
For the definition of supplementary difference sets see [2, p, 2811. Hence 
by using the Goethals-Seidel array these supplementary difference sets give 
rise to three Hadamard matrices of size 4 x 37, see [2, Corollary 8.42, 
p. 3921. Since Ao, - 1 x A, and also B,, - 1 x B, form a partition of G, the 
first two of these Hadamard matrices are of skew type. 
Now let V be the cyclic group of order u = 43 with generator x. Let G 
be the multiplicative group of non-zero residues modulo 43 and let 
H= (1, 4, 11, 16, 21, -2, -8) 
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be its subgroup of order 7. We enumerate the six cosets of H in G as 
a,=H, u2 = 3H, a4 = 7H, 
and 
a2i+ 1= -1 x cq.i, O<i<2. 
We set 
Do = D, = a1 u u2 v ad, D, = a0 u a2 u a3, D,= {O}ua,ua,, 
and 
bj= (xi: iE 0,). 
Then it is easy to verify that bi, i=O, 1, 2, 3, are 4 - (43; 21, 21, 21, 15; 35) 
supplementary difference sets of V. Hence there exists a Hadamard matrix 
of Goethals-Seidel type of size 4 x 43 corresponding to this supplementary 
difference set. As D,, - 1 x Do is a partition of G, this Hadamard matrix 
is of skew type. 
Note added in proof Note that 6, is a (43, 21, lO)-difference set, while 6, and 6, are 
2-(43; 21, 15; 15) supplementary difference sets. We have recently found that these supple- 
mentary difference sets were discovered previously by T. Chadjipantelis and S. Kounias 
(Supplementary difference sets and D-optimal designs for n = 2 mod 4, Discr. Math. 57 (1985) 
211-216). Altogether they found 12 non-equivalent supplementary difference sets with 
parameters mentioned above. For additional information concerning known orders of 
Hadamard matrices of skew type see J. Seberry and M. Yamada, Hadamard matrices, 
sequences, and block designs, in “Contemporary Design Theory: A Collection of Surveys” 
(J. H. Dinitz and D. R. Stinson, Eds.), Wiley, New York, 1992. 
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